Abstract-Nonideal factors which play a key role in performance and yield in high-precision applications of operational amplifiers are rigorously investigated. Of necessity, the combined effects of both deterministic and statistical parameters must be incorporated. The statistical characteristics of the common-mode rejection ratio and the offset of two-stage CMOS op-amps are investigated. The op-amp errors associated with finite open-loop gains, finite CMRR's, and nonzero offset voltages are analyzed. It is shown that the random common-mode gain as determined by the mismatch of paired devices is comparable to the deterministic common-mode gain. It is shown that the probability density function of the CMRR is distributed similar to that of a Gaussian random variable, but the mean is finite and the symmetry is skewed somewhat, as contrasted to the probability density function of the offset voltage which has a Gaussian distribution with zero mean. It is also shown that a nonideal finite CMRR can actually reduce the op-amp errors caused by a finite open-loop gain.
Reciprocal of the random CMRR (defined as I. INTRODUCTION N UMEROUS nonideal effects impact and generally degrade the performance of practical op-amps. Three factors-finite gain, finite common-mode rejection ratio (CMRR), and nonzero offset-are the major sources which limit the high-precision low-frequency applications of amplifiers. It is 1057-7122/93$03.00 0 1993 IEEE well known that precision applications require a high openloop gain, a large common-mode rejection ratio, and a low offset voltage, but practical limitations force the designer to make tradeoffs between these parameters. Because of the nonlinear relationship between these parameters and the performance parameters of interest, and because of the inherent statistical nature of the offset voltage and CMRR, the relationship between these parameters and the performance of amplifiers is still not fully formulated, causing designers to still commit nonoptimal designs to the foundry. For example, an infinite CMRR is often not optimal in the presence of a known finite open-loop gain of the op-amp. This paper focuses on a rigorous formulation of the relationship between these parameters and the performance of precision finite-gain amplifiers. Simple mathematically tractable relationships between the finite gain, CMRR, and offset voltage are developed and related to the overall performance of high-precision finite gain amplifiers. The CMRR and offset are not totally deterministic but have both deterministic and random components. Unfortunately, the performance and yield of systems using integrated opamps are often dominated by the random components. These random components which are primarily due to the device mismatch make it difficult to analyze the op-amp errors. The statistical characteristics of these parameters must be well understood to practically obtain high-precision performance. Several analyses of the random offset [ 11, [2] and the random CMRR [5]- [7] in differential amplifiers have been made, but these analyses do not focus on the mixed effects of these nonidealities on amplifier performance. The analyses of the random CMRR [5]- [7] , made several decades ago, concentrated only on bipolar differential amplifiers. Moreover, they focused on the methods to increase the CMRR, not on the statistical characteristics of this parameter which play a key role in the performance of precision finite gain amplifiers.
The impact of the CMRR may be best appreciated by reviewing the term itself. The term is widely used and has appeared in elementary electronics and instrumentation texts for many years [ l]-[4] . For a single sample amplifier with differential input and single-ended output, the term is defined as
where A&, and A,, are the small signal differential-mode and common-mode gains, respectively. Often it is expressed logarithmically rather than linearly. For the single sample amplifier, the CMRR is deterministic and can be readily measured in the laboratory. Of more important than the CMRR of a single sample amplifier from an operational amplifier yield viewpoint, from a discrete systems designers viewpoint, and from an integrated systems designers viewpoint, is the CMRR of an amplifier architecture in a process. In this case, the common-mode gain, which is ideally zero, becomes a key parameter in determining the CMRR. Since the common-mode gain invariably has a random component and a deterministic component, the same comment can be made about the CMRR.
Unfortunately, a rigorous definition of the CMRR has not appeared in the literature. Consequently, designers have been basing designs on inaccurate models and/or expensive "worst case" simulations where it is often difficult to ascertain that the simulations are actually worst case. The impact has often resulted in designs that are overly conservative or designs that have substantially degraded performance. The rigorous definition of the CMRR, although seemingly straightforward, is complicated by the observation that the CMRR is actually a random variable that is ideally infinite and that has a probability density function. The probability density function of the CMRR is nonlinearly related to the probability density functions of several other random variables which characterize the transistors comprising the operational amplifiers.
In this paper, the CMRR and offset of CMOS op-amps are thoroughly investigated. Op-amp induced errors in precision finite gain amplifiers due to these nonideal effects are compositely analyzed. A model amplifier of these analyses is the two-stage CMOS op-amp shown in Fig. 1 . The sample op-amp has been designed for high-speed and high-precision applications in a 2pm CMOS process. The device sizes and other performance parameters are shown in Tables I and II. Although the formulations in this paper focus on the two-stage amplifier of Fig. 1 , the results are readily extendable to other op-amp architectures as well.
II. DERIVATION OF THE RANDOM AND DETERMINISTIC CMRR
Since in multistage amplifiers the CMRR of the first stage is usually an important factor in the overall CMRR, the CMRR of the two-stage CMOS op-amp will be dominated by the first stage. The small signal equivalent circuit of the differential stage in Fig. 1 is shown in Fig. 2 , where g,, denotes the internal output conductance of the transistor used as a bias current source. Ideally, Ml and M2 are matched as are M3 and M4.
The small-signal output voltage is given by where vo = &mVd + Acmvc (2)
Vinl + Vim2 21, = 2 . The nodal equations at nodes (l), (2), and (3) are Assuming that L&& >> C&l, for all k, 1 E (1, 2, 3, 4}, and that Ml and M2 are nominally matched as are M3 and M4, we can obtain the expressions for the differential-mode gain Adm and the common-mode gain A,,, which are themselves random variables (see (7) and (8), bottom of page), where
where the i subscript denotes the input transistors Ml and M2, and the 1 subscript denotes the load transistors M3 and M4.
Since the random component of the differential gain is very small compared to the deterministic component of the differential gain as can be seen in (7), the total differentialmode gain can be approximated by the deterministic gain only. Hence,
The random component of the common-mode gain is, however, comparable in magnitude to the deterministic component of the common-mode gain. The deterministic and random common-mode gains, AFm and A&, can be defined so that
From (8), natural definitions of Afm and A& are as shown in (12) and in (13) (see bottom of next page).
A,, cv -&t&n&
The ratios of the numerator of (13) are readily obtained in terms of the geometric and process device parameters. Details of this calculation appear in the Appendix. Substituting (84), (85), and (88) into (13) gives
The CMRR, defined in (l), where A,-,, is now a random variable, is itself a random variable. If we define
then we have
From ( Li + W3R2 -W4R2
w,
The deterministic CMRR given by (18) the bias current source and the input transistors as well as the mismatch of the paired devices. It can be seen that the effect due to go on the random CMRR is more dominant than that due t0 gdi. We are accustomed to characterizing the CMRR by a single number. Unfortunately, it can be seen from (17)- ( 19) that the CMRR is actually a random variable and, as such, characterized by a probability density function, not a single number. Nonetheless, it is instructive to develop an appreciation for what the CMRR of sample amplifiers will be and to determine how important the random part of the CMRR actually is. At this stage, we will calculate a pseudo-worst case CMRR to compare the magnitude of the random and deterministic components of the CMRR. The probability density function itself will be explored in the next section.
To calculate the pseudo-worst case CMRR of the op-amp in Fig. 1 , whose simulated parameter values are shown in Table  III , it is assumed that the wafer-level random component of L and W are normally distributed with zero mean and standard deviation
We chose ffAL = a&w = 0.02 pm, which is a very reasonable choice as indicated in [lo] . From the choice, (20) We define the pseudo-worst case CMRR to be the sample CMRR that would result if all random variables comprising the CMRR are in the direction that they add, and at the 3a value that would most degrade the sample CMRR. The corresponding 0 values for width, length, and threshold voltage variations are summarized in Table IV . The deterministic CMRR calculated from (18) was 63.7 dB, which is close to the simulated one shown in Table II . The pseudo-worst case random CMRR calculated from (19) was 5 1.6 dB which dominates the deterministic CMRR. The worst case total CMRR was thus 49.6 dB. Since the random CMRR can have both positive and negative polarity, the total CMRR can be either improved or degraded by the random CMRR.
III. STATISTICAL CHARACTERISTICS OF CMRR
In this section, the statistical characteristics of the random variable, CMRR as defined by (17) 
as (26) Equation (19) shows that the random variable x = CMRRgl is a function of 12 random variables. These random variables are assumed to be independent and normally distributed with zero mean. WlR2,
Since x is the sum of 12 uncorrelated zero mean random variables, its mean will also be zero and its variance is equal to the sum of their variances. Thus, x is distributed as
where where fy(y) is the probability density function of y, and g(Y) = IsI. Since from (30) the pdf of y is The probability density curves of care shown in Fig. 3 where r = Id/a,1 and the CMRRD' of the op-amp in Fig. 1 was used for d. These curves show that the pdf of c is similar to a Gaussian density function, but it is not symmetric, and the left side of the peak point goes to zero faster than the right side, so the mean lies at the right of the peak point. Fig. 3 also shows that for the op-amp of Fig. 1 , the CMRR probability below 55 dB is almost zero. Since the pdf of c is known, the mean and variance can be found from the expressions The approximated E(c) is thus
The first-order estimate of a: is given by (43) The mean and variance of IyI are given in (31) and (33). From (37)-(39), (42), and (43) it is clear that the statistical characteristics of the common-mode rejection ratio, i.e., its mean, variance, and pdf, can be readily obtained if the variance of the process parameters are known.
The statistical parameters of the CMRR of the sample opamp in Fig. 1 were calculated using the derived equations and the data in Tables III and IV . The approximated equations (42) and (43) were used to calculate E(c) and gc. The calculated results are listed in Column A of Table V. In order to investigate the correctness of these derived equations, 200 Gaussian random numbers with zero mean and variance ~2 were generated and used to calculate the corresponding parameters. From these sample data of the random variable Z, the sample data of IyI and c can be obtained using (25) and (26). Their calculated mean and variance are shown in Column B of Table V. The E{lyl} and Q from the derived equations are very close to those from the generated sample data, but the E(c) and mc of Column A somewhat differ from those of Column B because the E(c) and oc were calculated from the approximated equations (42) Fig. 1 is 2.2, Fig. 5 corresponds to the curve (r = 2.2) of Fig. 3 . These two plots are very similar and support the model of (37) for the pdf of c.
IV. DEFINITION OF THE CMRR FOR PROCESSES
The random offset of a CMOS amplifier has been defined for processes as three times its standard deviation. The reason is that the offset voltage has a Gaussian distribution, so 99.7% of a sample satisfies the specification. Attention, however, has not been paid to the random CMRR of CMOS amplifiers, and no definition of the CMRR including random components has been made. Thus, the CMRR of CMOS op-amps for processes will be defined in this section.
In the previous section we found the probability density function fc(c) of the CMRR. We will define the CMRR to the value of c such that 99.86% of a sample set has a CMRR greater than L?. The choice of the 99X6%, which is close to the 99.7% used in the definition of offset voltages discussed above, will be discussed later. Integration of the pdf, fc(c), from i: to infinity gives the following results: s imL(c) dc = P(a) + P(b) -1 (44) where Since d is negative for the sample op-amp, we can rewrite a and b as (47) From (47) we can see that a is always greater than b by 2ld/a,l. Thus, P( > a is also always greater than P(b) because P(Z) defined in (32) increases from 0.5 to 1.0 as z increases from 0 to 03.
Since we want to make P(b) should be very close to 1 .O. This means that P(a) is almost 1 .O because P(u) is greater than P(b) , and the maximum value of the function P(X) is 1.0. In most cases, Id/v51 > 0.5, so a > b + 1. Therefore, under the condition of (48), the approximation
can be used. From (48) and (49) 
The reason we chose a figure of 0.9986 in (48) was to obtain the integer 3 in (51). If we use (3a, -d)-' as the CMRR specification in designing CMOS amplifiers, then 99.86% of a large sample will satisfy the specification. If d is positive, then P(b) is greater than P(u), and finally we have
Therefore, we can define the CMRR for processes as
where d and (T, are CMRR-1 and the standard deviation of CMRR,l.
The CMRR, P and CMRRR' were defined in (15) and (16). The calculated CMRR for the sample opamp in Fig. 1 was 56 .2 dB. Comparing with the density curve (T = 2.2) in Fig. 3 , we can see that the value 56.2 dB is very reasonable.
The CMRR definition for processes of (54) and the CMRR pdf of (37) are general for the op-amps whose deterministic and random components comparably contribute to the total CMRR. This case usually corresponds to the op-amps whose first stage has a single-ended output. If op-amps have a first stage with differential output, then their deterministic common-mode gains are significantly reduced by the next stages [6] . In these cases, the deterministic CMRR can be ignored, i.e., d 2~ 0, and the above CMRR definition and the pdf should be changed. If d is nearly zero, then the pdf of the total CMRR is
The integration of the pdf from c to 03 becomes J f,f,(c)dc=2P (56) The CMRR definition for processes is thus
where 99.73% of a sample set will be greater than (3~~)~~.
The approximated mean and variance of the CMRR have the same equations (42) and (43) The offset voltage of an op-amp consists of two components: a deterministic offset and a random offset. The former results from improper dimensions and/or bias conditions, so it can be reduced to a very small value by careful design. The latter is due to the random errors in the fabrication process, i.e., mismatches in identically designed pairs of devices. For two-stage op-amps, the first stage will have a dominant effect on the offset. Therefore, the total input referred offset voltage of the two-stage op-amp will be highly affected by the firststage random offset voltage. in the VT and W/L of the input differential pair (Ml and M2) and the current mirror pair (M3 and M4) in Fig. 1 . The AI,; = Ior -ID, due to the mismatch of the input differential pair and the AI,, = 103 -104 due to the mismatch of the current mirror pair are given from the Appendix. Substituting (89) and (90) into (60), we have the input offset voltage due to the mismatch of the input differential pair,
and the input offset voltage due to the current mirror pair,
The total input referred offset with be the sum of these terms (61) and (62),
Since the offset voltage is the sum of 12 uncorrelated zero mean Gaussian random variables, it is also normally distributed with zero mean and standard deviation (64) Therefore, the offset has a Gaussian density function with zero mean and variance a~~,. Assuming again the pseudo-worst case as in Section II, and using the data of Tables III and IV, the calculated pseudo-worst case random offset of the sample op-amp in Fig. 1 is 27 .9 mV. The offset due to the (W/L) mismatch is 14.1 mV while the offset due to the VT mismatch is 13.8 mV. It shows that the two factors give almost equal contribution to the random offset for the sample op-amp.
VI. ANALYSIS OF OP.AMP ERRORS
The gain of a unity-gain configured op-amp will be exactly one if the op-amp is ideal. Practical op-amps, however, don't offer the exact gain because of finite differential gains, finite common-mode rejection ratios, and nonzero offset voltages. In "DO 1 Infinite CMRR and zero offset.
Simulated results of these gains for the op-amp in Table  VI, where A,,CMRR,AL, and CMRR' are the common mode gains and the common mode rejection ratios of a nonzero offset op-amp and a zero offset op-amp, respectively. The VOS is the input referred offset voltage. The op-amp in Fig. 6 differs from that in Fig. 1 . It has a programmable current mirror instead of a simple one as a load of the differential input pair. The programmable current mirror can be used to compensate the offset voltage of the op-amp by adjusting the bias voltages VT1 and/or VT2 as described in [ 121 and [ 131. Basic concepts concerning the influence of each nonideal factor are briefly reviewed in the following three subsections. This is followed by discussions about the combined effects of the nonideal factors.
A. Finite Open-Loop Gain Effect
Assuming that an op-amp has an infinite CMRR and a zero offset, the output voltage of the unity-gain configured op-amp will be If the pure differential gain Ai is infinity, then the input V; will be equal to the output V,, but the output of a practical opamp will be less than the input due to the finite open-loop gain. Hence, the gain of a unity-gain configured op-amp will always be less than one under the assumption of infinite CMRR and zero offset.
B. Finite CMRR Effect
Considering a finite-CMRR and zero-offset op-amp which is equivalent to the op-amp in Fig. 7(c) 
From these equations, the op-amp can be modeled as in Fig If this op-amp is used for a unity-gain configuration, i.e., VI = V, and V2 = Vi, then the output voltage will be
It can be seen that an infinite CMRR reduces (69) to (65). Equation (69) shows that the finite CMRR can compensate or overcompensate for the gain decreasing effect due to the finite open-loop gain.
C. Nonzero Offset Effect
To investigate the effect of nonzero offset, we consider an nonzero-offset and infinite-CMRR which is equivalent to the op-amp in Fig. 7(b) if the voltage source VCMRR is removed. The input referred offset voltage can be defined as the voltage applied at the positive input so that the voltage existing at the output becomes zero. Thus, the nonzero-offset and infinite-CMRR op-amp can be modeled as a voltage source VOS which is equivalent to the input offset voltage and a pure differential op-amp. This model is equivalent to Fig. 7(d) If this op-amp is used for a unity-gain configuration as shown in Fig. 8(a) , then the output will be
The total output affected by a finite gain, a finite CMRR, and a nonzero offset is thus given by
where CMRR'++= CMRR. where o= _ R1-.
From (74), it can be easily seen that (71), (69), and (65) can be obtained by setting T/OS = 0, CMRR' = co, and both of them, respectively. From (74) and the data given in Table VI , the calculated unity-gain configured output voltage of the op-amp in Fig. 6 is 0.9987 V when Vi = 1.0 V, while the simulated settling point of the output voltage is 0.9988 V. This result shows that (74) gives a very consistent result with the simulated one. In this example, the random CMRR and the random offset have not been considered, but the correctness of (74) has been demonstrated. In practical op-amps, that kind of accuracy could not be obtained because of the random components described in the previous sections. With the assumption that VOS = 0, the output errors of the op-amp in Fig. 6 as a function of CMRR were calculated at different closed-loop gains, and the results are shown in Fig. 9 . Even though the offset is zero and the CMRR is very high, the output error of the unity-gain configured op-amp (,LI = 1) is about 0.3% due to the finite open-loop gain. If the CMRR is 52 dB, then the output error is nearly zero. This shows that the finite CMRR can reduce the error attributable to the finite gain as mentioned in Section VI-B. From the figure it can also be seen that high-gain configured op-amps show more errors than low-gain op-amps. If the offset of a given op-amp is compensated, and the compensated offset range is known, then the output error of the given op-amp can be analyzed from (74) and (76) because the CMRR range of the op-amp can be easily found from the pdf of the CMRR derived in Section III or the CMRR definition in Section IV. Assuming that the offset is adjusted to less than 1 mV in magnitude, the output errors of the sample op-amp in Fig. 1 were analyzed. It was shown in Section IV that the sample op-amp in Fig. 1 had CMRR for the process of about 56 dB. Thus, the CMRR of most individual amplifiers will be greater than 56 dB. Fig. 10 shows the output errors relative to 2 V of the unity-gain configured sample op-amp as a function of the input IJ$. From the 56 dB CMRR curves in Fig. 10(a) and the 100 dB CMRR curves in Fig. 10(b) , it can be seen that the output errors are less than 0.2% through the input range of -2 V to +2 V if the magnitude of the input offset is less than 1 mV. As expected, the 56 dB CMRR curves show reduced errors compared to those of the 100 dB CMRR curves.
VII. CONCLUSIONS
The CMRR and offset of two-stage CMOS op-amps have been analyzed. Equations representing their statistical characteristics have been derived. Using these equations, we can readily find the distribution, mean, and variance of the CMRR and offset if the process parameter variations are given. The derived equations have shown that the CMRR pdf is similar to that of a Gaussian random variable, but the mean is not zero and the symmetry is somewhat skewed, whereas the offset has a Gaussian distribution with zero mean. The CMRR for the processes has been defined. The CMRR is defined by (3cr, + IdI)-' for the op-amps which have both dominant deterministic and random CMRR so that 99.86% of a large By the same way, sample can be greater than the defined value. For the op-amps whose deterministic CMRR's are nearly zero, (30,)-l can be used for the definition of the CMRR, where 99.73% of a large 1+ Nnl$,wzRz z sample satisfies the specification. The variable d is the ratio of the deterministic common-mode gain to the differentialmode gain, and ga: is the standard deviation of the ratio of the random common-mode gain to the differential-mode gain. Hence,
The op-amp errors due to finite open-loop gains, finite CMRR's, and nonzero offsets have been analyzed. A finite differential open-loop gain always makes the gain of a unitygain configured op-amp less than one, and a finite CMRR can compensate for the error attributable to the finite open-loop gain unless it is too small. If the compensated offset range is known, then the op-amp error range can be found.
VIII. APPENDIX
If the channel-length modulation effect is ignored, the smallsignal transconductance gains of the paired transistors Ml and M2 which act in the saturation region are given by (VGSi -VTl) (78) 
where Li, Wi, and VT~ are the nominal values, and the subscripts Rl and R2 are the same as before.
Using these definitions, gml can be approximated by ignoring higher order terms, 
Since gmi -gm2 = gmlR2 -g&R2 from (6) and (9) 
Since the drain current 1, and the output conductance gd can be expressed as 
by the same method as above we can obtain 
where ID = IDi = Iol.
